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The natural frequency of a circuit depends upon inductance
and capacitance and is modified by resistance and conductance
in the circuit. When the inductance consists of a coil which has
an iron magnetic circuit, the effective value of the inductance
of the coil becomes a variable. The change in the value of the
inductance is attributed to eddy currents induced in the iron.
The eddy currents vary with the conductivity and permeability
of the iron and the thickness of the laminations.

Other factors remaining constant, the frequency of an
oscillatory circuit depends upon the value of the inductance and
the effective inductance depends upon the frequency of the
oscillating current in the circuit. The problem to be solved
consists in finding an expression showing a relation between these
two interdependent quantities.

The application of such an expression is illustrated by the
following figure.

FIGURE 1

Magnetic flux is induced in the iron magnetic circuit M when
current flows thru the coil L. Let B represent a battery, C a
condenser and S a switch. When S is closed current passes thru

* Received by the Editor, April 16, 1918.
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B, L, and S. Let r = the resistance of the circuit, and assume
the potential of C to be zero.

Open the switch S quickly so that no sparking takes place.
In order to determine the rate at which the potential rises in
C and the maximum potential to which C will become charged,
it is necessary to know the inductance of L, the capacitance
of C, the resistance r and the initial current I flowing in the
circuit.

Consider the potential of B and the potential drop I r to be
negligible compared with the emf. of self-induction. The elec-
tromagnetic energy initially stored in the coil is 12 L1 J2, where
I is the initial current and L1 is the inductance (coefficient of
self-induction) of the coil at a low rate of change of the current.
The value of L1 decreases to an effective value Lm, as the aver-
age rate of change of current is increased due to an increase of
eddy currents induced in the iron. Part- of the initial electro-
magnetic energy is transformed into electrostatic energy, and
the remainder is dissipated in the form of heat by eddy currents.
The effective inductance of the coil is directly proportional
to the total flux induced by the current thru the coil.

A method developed by Dr. C. P. Steinmetz for determining
the ratio of the magnetic flux density due to a continuous cur-
rent, to the effective magnetic flux density at a given frequency
of alternating magnetic flux, is as follows:

Figure 2 shows the section of three laminations the thickness
of which = 2 1, and length = S. The thickness 210 is negligible
compared to the length S. Current flows thru the conductor Z
and in the direction of the arrow at the instant considered. The
dotted lines show the path along which magnetic flux is induced
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by the current. The flux induced in the iron is large compared
with that induced in the air between the surface of the lamina-
tion and the surface of the conductor. The latter will be neg-
lected and the total flux induced will be considered to generate
an emf. in the iron at the surface of the lamination.

To obtain an expression for the flux density'which is induced
by the resultant magnetomotive force of the current in the con-
ductor and the eddy current in the- iron the instantaneous direc-
tion of which is shown by arrows, the following is quoted from
Steinmetz's "Transient Electric Phenomena and Oscillations,"
Chapter VI (first edition):

"Let u=the magnetic permeability, A = the electric con-
ductivity, 1 = the distance of a layer d 1 from the center line
of the lamination, and 210 = the total thickness of the lamination.
If then I = the current density in the layer d 1 and E = the emf.
per unit length generated in the zone d 1 by the alternating
magnetic flux, we have

I=AE (1)

The magnetic flux density B1 at the surface 1 = l, of the lamin-
ation corresponds to the impressed or external mmf. The den-
sity B in the zone d 1 corresponds to the impressed mmf. plus
the sum of all the mmf.'s in the zones outside of d 1 or from
1 to 10.

The current in the zone d 1 is
Idl=iEdl (2)

and produces the mmf.
H-0.4wAEdl (3)

which in turn would produce the magnetic flux density
dB=0.4zrAIIEdl (4)

that is, the magnetic flux density B at the two sides of the zone
d I differs by the magnetic flux density dB (equation (4)
produced by the mmf. in zone d 1, and this gives the differential
equation between B, E and 1,

d=04 -r iuE (5)dl1
The emf. generated at distance 1 from the center of the

lamination is due to the magnetic flux in the space from 1 to
lo0 Thus the emfs. at the two sides of the zone d 1 differ from
each other by the emf. generated by the magnetic flux B d 1
in this zone.
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Considering now B, E and I as complex quantities, the emf.
dE, that is, the difference between the emf.'s at the two sides
of the zone d 1, is in quadrature ahead of B d 1, and thus denoted
by

dE =-j 2 rfB10-8 d I (6)

where f is the frequency of the alternating magnetism.
This gives the second differential equation,

dEk _j 2 fBo10-8 (7)
dl1

The reader is referred to the text quoted for the steps by
which the expression for the average flux density in the iron
is obtained. It is briefly as follows:

From (5) and (6)
A1 (-j)cl+ (1 i)cl
2 (1-j)clo+(l-j)Clo (8)

where
c=V/0.47r2fA, 10-8 (9)

The average value of the flux density in the iron is
1 lo

B I Bdl (10)
10)

Equation (8) in (10) gives

P (1-j)c lo_ -(1-j)c lo

(1-j) clo10 g-j)c o+ -() (11)
The absolute value of B.m is the square root of the sum of

the squares of the real and imaginary terms in equation (11),
which, substituting hyperbolic and circular functions, is

B = lo\/2 cosh2clcos2clo (12)

The inductance of a conductor or coil is directly propor-
tional to the total magnetic flux induced by the current in the
conductor or coil, therefore

Lm Bm (13)
L1 B1

The inductance L1 is due to the flux induced in the iron by
the mmf. of the current in the conductor or coil, while the
inductance Lm is due to the flux induced in the iron by the re-
sultant mmf.'s of the current in the conductor or coil and
the eddy currents in the iron.
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When the conductor Z is placed at an appreciable distance
from the iron or the distance between the laminations is not
negligible compared to the thickness of the laminations, then
an inductance Lo, which is due to the flux induced in these
spaces, must be added to Lm to get an expression for the total
inductance of a conductor or coil at very high frequencies.
The value of Lo will be a fractional part of the inductance of the
conductor or coil in air, and its value may be calculated when
these distances are known.

The natural frequency of a circuit is

fX 1 | 1 _ r g9 2 (14)
27\ (Lm+Lo) C (2 (Lm+Lo) 2(C

where r is the resistance of the oscillatory circuit and g is the
conductance of the condenser dielectric. The quantities Lo and g
will be considered negligible so that (14) becomes

f 1- I _ 2 (15)
2 =8\JLmC -4L ~2

Solve (15) for Lm,

Lm=4-f2(I+V1-2 -frC)2) (16)

From (12) and (13)

Lm= L> (cosh2clo-cos2clo (17)
a lofi cosh 2 c lo +cos 2 c lo

where a=/0.8 r22A 10 -8= 0.00281 A (18)
For brevity, let q=27rfrC (19)

=(1±+/21q)~ (20)

a v (cosh2clo+cos2cilo) (21)
acosh 2 c lo-cos 2 c lXo

From (16) and (17)
Sl L1 ~~~~~~(22)4;2f2Calfav(

from which

f=(4 2L C) vs (23)
The factors v and s are both functions of the frequency

but do not vary appreciably from unity, except when the fre-
quency is low or the resistance is high.
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For comparatively high frequencies and low resistances,
equation (2-3) becomes

f' (= a /)3 (24)
The values of v given in Table I were calculated from assigned

values of 2 cl in equation (21)
From (9) and (18).

2 c 1l = a lo \/2f (25)
When 2 cl0 is greater than 1.4, the value of f in (25) should be
determined by equation (24) but when 2 cl is less than 1.4, the
value of f to be substituted in (25) is more accurately determined
by

1 /1~~r2
fi2+\.4IL1C 4L12 (26)

where r can generally be considered negligible.
From (23) and (26), (assuming r = 0 and therefore s = 1),

Ai _4 +/2 (27)
Substituting in (27) the values of 1.4 and 1.054 of Table I

for 2 cl0 and v respectively shows thatfi cannot be less than 0.966 f
when 2 cl, is equal to or less than 1.4. Table I shows that f0
(equation (24)) cannot differ from f (equation (23)) more than
8.5 per cent when 2 cl0 is greater than 1.4 and this occurs when
2 cl = 2.4. It is interesting to note that v varies most from unity
when tanh 2 c 1,+tan 2 cl0 = 0 which occurs in the table when
2cl0=0, 2.4 and 5.5.

The resistance of an oscillatory circuit does not appreciably
affect its natural frequency unless the resistance is large. The
value of s approaches unity as the value of q approaches zero.
Equation (19) shows that q = 0 when r = 0 and also that q = 0 when
r is so large that the circuit becomes non-oscillatory since then
f =0. There must therefore be a value of r for which q is a
maximum.

From (15) and (18)

q=r (r C )2 (28)

which gives a maximum value of q when

12LMr= \/2cm (29)
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which may be compared with the resistance r=4 which

renders the circuit non-oscillatory.
Substituting (29) in (28) shows that

qmax. = 1 (30)
The value of q depends upon the product r f, and f decreases

as r increases, therefore q and s do not vary greatly with changes
in the value of r. Table II gives values for q and the corres-
ponding values of s as computed by means of equation (20).

The determination of q is made in a manner similar to 2 cl0
The value of f to be substituted in (19) is computed from either
(24) or (26). When both v and s have been determined, the
natural frequency of the circuit can be evaluated by means of
equation (23). If v s differs much from unity, then the value of
f in (23) can be used to determine new values of 2 clo and q from
which v and s will give a more accurate solution for f in (23).

The value of L1 in (23) and (24) can be calculated from the
equation

L 4;ruA N2 (31)
=d

for a coil having a magnetic circuit the mean length of which = d,
cross-sectional area of iron core = A, and a total of N turns of
wire forming a layer over a large part of the length d.

To illustrate the practical application of equation (23)
an example will be given.

Assume d=50 cm., l,=0.03 cm., A =1.2x104, =2000,
A = 100 sq. cm., N= 20, and C = 0.1 microfarad.

Then from (28)

LI4 X2000X100400 -6.4 ,. X 106 cm.
50

Substitute in (18)
a l,=0.000281 X0.03X V/2000X 1.2X i0=0.0413

From these values in (24)

fo (42X6.4 0041 = 8,793 cycles.
To find the value of v substitute in (25), which gives

2 c lo = 0.0413V/2x 8793 = 5.477
Referring to Table I, v = 1.0038 when 2 c 10 = 5.477. This

correction factor adds 33 cycles to f0 or

f=f0 v = 8,826 cycles.
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The natural frequency of the circuit, if L1 is substituted for
L,0 (equation (26)), is

fi= 3,550 cycles,
or the presence of eddy currents in the iron increases the natural
frequency by the factor 2.5.

The circuit was considered to have negligible resistance.
A resistance of 45 ohms is required to decrease the frequency one
per cent. It is interesting to determine the resistance which will
give the maximum value of q.

Substitute f0 s for f in (25) which is equivalent to multiplying
the former value of
2 c 10 by V/s, or 2 c 10 = 5.477 VO.63 = 4.35 or v = 0.9938, therefore

f= 8793 x 0.63 X 0.9938 = 5,505 cycles.
In (19), put q= 1 andf= 5,505, and solve for r; then r=289 ohms.

It will be noted that the quantity Lm may be defined by
equations (16) and (17), or by the equation,

Lm I2 =iCE2 (32)
in which, referring to Figure 1, I is the initial current, E is the
potential to which the capacitance C becomes charged, the
resistance of the circuit is considered negligible, and the potential
of the battery is considered negligible compared to the potential
E. If the value of Lm is considered the same in both instances,
then the potential E can be calculated. A consequence of this
assumption is that the eddy current loss, W, during the first
quarter oscillation is

W 12 (Li-Lm) (33)
where iL1, 2 is the electromagnetic energy stored in the coil
when the switch S is opened. The voltage E may be assumed to
rise sinusoidally, from which the speed required in opening the
switch S without a spark can be estimated.

The effective inductance in the direct current circuit of a
Poulsen arc geverator depends upon the natural frequency of the
magnet coils and generator in series with the antenna capacitance,
which form an oscillatory circuit during the interval of each
cycle of the radio frequency current that the arc is extinguished.
A large loss occurs in the iron due to radio frequency eddy
currents.

Increase of permeance due to the presence of iron is accom-
panied by an increase of conductance. This inherent property
of iron will not allow its use in the magnetic circuit of a radio
frequency oscillatory electric circuit where efficiency is an es-
sential requirement.
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SUMMARY: In radio or high audio frequency circuits cpntaining iron-
core inductances, the eddy currents induced in the iron cause a marked
change of effective inductance which is dependent on the frequency.

Following the Steinmetz procedure, the author finds the magnetic flux
density in a laminated iron core with alternating current excitation. He then
derives expressions and tables for determining the natural frequency of cir-
cuits containing iron-core inductances. The results obtained are numeri-
cally illustrated.
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